Abstract. Let A be a semigroup whose only invertible element is 0. For an A-homogeneous ideal we discuss the notions of simple i-syzygies and simple minimal free resolutions of R/I. When I is a lattice ideal, the simple 0-syzygies of R/I are the binomials in I. We show that for an appropriate choice of bases every A-homogeneous minimal free resolution of R/I is simple. We introduce the gcd-complex ∆ gcd (b) for a degree b ∈ A. We show that the homology of ∆ gcd (b) determines the i-Betti numbers of degree b. We discuss the notion of an indispensable complex of R/I. We show that the Koszul complex of a complete intersection lattice ideal I is the indispensable resolution of R/I when the A-degrees of the elements of the generating R-sequence are incomparable.
Notation
Let L ⊂ Z n be a lattice such that L ∩ N n = {0} and let A be the subsemigroup of Z n /L generated by {a i = e i + L : 1 ≤ i ≤ n} where {e i : 1 ≤ i ≤ n} is the canonical basis of Z n . Since the only element in A with an inverse is 0, it follows that we can partially order A with the relation c ≥ d ⇐⇒ there is e ∈ A such that c = d + e.
Let k be a field. We consider the polynomial ring R = k[x 1 , . . . , x n ]. We set deg A (x i ) = a i . If x v = x v1 1 · · · x vn n then we set deg A (x v ) := v 1 a 1 + · · · + v n a n ∈ A .
It follows that R is positively multigraded by the semigroup A, see [13] . The lattice ideal associated to L is the ideal I L (or I A ) generated by all the binomials x u+ −x u− where u + , u − ∈ N n and u = u + − u − ∈ L. We note that if x u+ − x u− ∈ I L then deg A x u+ = deg A x u− . Prime lattice ideals are the defining ideals of toric varieties and are called toric ideals, [23] . In general lattice ideals arise in problems from diverse areas of mathematics, including toric geometry, integer programming, dynamical systems, graph theory, algebraic statistics, hypergeometric differential equations, we refer to [12] for more details.
We say than an ideal I of R is A-homogeneous if it is generated by A-homogeneous polynomials, i.e. polynomials whose monomial terms have the same A-degree. and is an invariant of I, see [13] The problem of obtaining an explicit minimal free resolution of R/I is extremely difficult. One of the factors that make this problem hard to attack, is that given a minimal free resolution one can obtain by a change of basis a different description of this resolution. To obtain some control over this, in [10] we defined simple minimal free resolutions. We also defined and studied the gcd-complex ∆ gcd (b) for a degree b ∈ A. We used this complex to generalize the results in [19] and to construct the generalized algebraic Scarf complex based on the connected components of ∆ gcd (b) for degrees b ∈ A. When I is a lattice ideal we showed that the generalized algebraic Scarf complex is present in every simple minimal free resolution of R/I. This current paper analyzes in more detail the notions presented in [10] . We note that the original motivation for this work came from a question in Algebraic Statistics concerning conditions for the uniqueness of a minimal binomial generating set of toric ideals.
The structure of this paper is as follows. In section 2 we discuss the notion of simple i-syzygies of R/I. The simple 0-syzygies of R/I when I is a lattice ideal are exactly the binomials of I. We also discuss the notion of a simple minimal free resolution of R/I. This notion requires the presence of a system of bases for the free modules of the resolution. We show that for an appropriate choice of bases every A-homogeneous minimal free resolution of R/I is simple. In section 3 we discuss the gcd-complex ∆ gcd (b) for a degree b ∈ A. We show that the homology of ∆ gcd (b) determines the i-Betti numbers of degree b. We count the numbers of binomials that could be part of a minimal binomial generating set of a lattice ideal up to a constant multiple. In section 4 we discuss the notion of indispensable i-syzygies. Intrinsically indispensable i-syzygies are present in all Ahomogeneous simple minimal free resolutions. For the 0-step and for a lattice ideal I L this means that there are some binomials of the ideal I L that are part (up to a constant multiple) of all A-homogeneous systems of minimal binomial generators of I L . A strongly indispensable i-syzygy needs to be present in every minimal free resolution of R/I even if the resolution is not simple. For the 0-step and for a lattice ideal I L this means that there are some elements of I L that are part (up to a constant multiple) of all A-homogeneous minimal sets of generators of I L , where the generators are not necessarily binomials. We consider conditions for strongly indispensable i-syzygies to exist. We show that the Koszul complex of a complete intersection lattice ideal I is indispensable when the A-degrees of the elements of the generating R-sequence are incomparable.
Simple syzygies
We recall and generalize the definition of a simple i-syzygy, see [10, Definition 3.1], to arbitrary elements of an A-graded free module. Let F be a free A-graded module of rank β and let B = {E t : t = 1, . . . , β} be an A-homogeneous basis of F . Let h be an A-homogeneous element of F :
The S-support of h with respect to B is the set
We introduce a partial order on the elements of F :
Definition 2.1. Let F and B be as above, let G be an A-graded subset of F and let h be an A-homogeneous nonzero element of G. We say that h is simple in G with respect to B if there is no nonzero A-homogeneous h ′ ∈ G such that h ′ < h.
In [10, Theorem 3.4] we showed that if (F • , φ) is a minimal free resolution of R/I then for any given basis B of F i there exists a minimal A-homogeneous generating set of ker φ i consisting of simple i-syzygies with respect to B. The proof of the next proposition is an immediate generalization of the proof of that theorem and is omitted. Given an A-homogeneous complex of free modules (G • , φ) we specify A-homogeneous bases B i for the homological summands G i . The collection of theses bases forms a system of bases B. We write B = (B i ) and we say that B i is in B.
together with a system of bases B = (B i ). Let (G • , φ, B) and (F • , φ, C) be two based complexes, B = (B i ) and C = (C i ). We say that the complex homomorphism ω : G • −→F • is a based homomorphism if for each E ∈ B i , there exists an H ∈ C i such that ω(E) = cH for some c ∈ k * .
Let I be an A-homogeneous ideal and let (F • , φ) be a minimal A-graded free resolution of R/I. We let s be the projective dimension of R/I and β i be the rank of F i . For each i we suppose that B i is an A-homogeneous basis of F i and we let B = (B 0 , B 1 , . . . , B s ). We remark that when I is a lattice ideal then for any choice of basis B 0 , the simple 0-syzygies of R/I are the binomials of I. It is an immediate consequence of Proposition 2.2 that one can construct a minimal simple resolution of R/I with respect to a system B = (B 0 , . . . , B s ) starting with B 0 = {1}, see also [10, Corollary 3.6] . In the next proposition we show that any minimal free resolution (F • , φ) of R/I becomes simple with the right choice of bases. 
Indeed for t = 1, . . . , β 1 using the commutativity of the diagram we get that
is simple with respect to C 0 it follows at once that φ 1 (H ′ t1 ) is simple with respect to B 0 . For i > 1 and t = 1, . . . , β i we have that
were not simple with respect to B i−1 . Since h i−1 is bijective it follows that θ i (E ti ) is not simple with respect to D i−1 , a contradiction.
Let I be an A-homogeneous ideal and let (F • , φ) be a minimal free resolution of R/I. An i-syzygy h of R/I minimal if h is part of a minimal generating set of ker φ i . By the graded version of Nakayama's lemma it follows that h is minimal if and only if h cannot be written as an R-linear combination of i-syzygies of R/I of strictly smaller A-degrees.
The next theorem examines the cardinality of the set of minimal i-syzygies of a free resolution of R/I. Theorem 2.6. Let I be an A-homogeneous ideal and let (F • , φ) be a minimal free resolution of R/I. Let ≡ be the following equivalence relation among the elements of
and let B i be a basis of F i . The set of equivalence classes of the i-syzygies of R/I that are minimal and simple with respect to B i is finite.
Proof. We will show that the number of equivalence classes of the i-syzygies that are simple and have A-degree equal to an (i + 1)-Betti degree b of R/I is finite. By [10, Theorem 3.8] if h, h ′ ∈ ker φ i are simple with respect to B i and
Thus it is enough to show that there is only a finite number of candidates for S Bi (h) when h ∈ F i has deg A (h) = b. We consider the set
We note that S Bi (h) ⊂ P(C) where P(C) is the power set of C. The number of basis elements E t ∈ B i such that deg A (E t ) ≤ b is finite. Moreover for such E t the number of monomials x a such that deg A (x a ) + deg A (E t ) = b is finite. It follows that C and its power set P(C) are finite as desired.
In the next section we determine the cardinality of this set when I is a lattice ideal and i = 0. In other words we compute the number of the equivalence classes of the minimal binomials of I.
The gcd-complex
For b ∈ A, we let C b equal the fiber
Let I L be a lattice ideal. The fiber C b plays an essential role in the study of the minimal free resolution of R/I L as is evident from several works, see [3, 9, 10, 11, 19, 20] .
We denote the support of the vector u = (u j ) by supp(u) := {i : u i = 0}. Next we recall the definition of the simplicial complex ∆ b on n vertices, constructed from C b as follows:
∆ b has been studied extensively, see for example [2, 4, 5, 7, 8, 17, 18] . Its homology determines the Betti numbers of R/I L :
see [22] or [13] for a proof.
In this section we present another simplicial complex, the gcd-complex ∆ gcd (b), whose construction is based upon the divisibility properties of the monomials of C b .
Definition 3.1. For a vector b ∈ A we define the gcd-complex ∆ gcd (b) to be the simplicial complex with vertices the elements of the fiber C b and faces all subsets T ⊂ C b such that gcd(x a : x a ∈ T ) = 1.
The example below compares graphically the two simplicial complexes in a particular case. The main theorem of this section, Theorem 3.2 was proved independently in [16] . The following is now immediate:
The connected components of ∆ gcd (b) were used in [10] 
set of monomials in C b forms the vertex set of a component of G(b) if and only if it forms the vertex set of a component of ∆ gcd (b).
Proof. We note that if x u , x v belong to the same component of ∆ gcd (b) then there exists a sequence of monomials x u = x u1 , x u2 , . . . , x us = x v such that d = gcd(x ui , x ui+1 ) = 1. Therefore The graph G(b) was first introduced in [9] to determine the number of different binomial generating sets of a toric ideal I L . The results stated for toric ideals in [9] hold more generally for lattice ideals with identical proofs. We choose an ordering of the connected components of ∆ gcd (b) and let t i (b) be the number of vertices of the i-th component of ∆ gcd (b). Proof. In the course of the proof of [9, Theorem 2.6] applied to the lattice ideal I L it was shown that the minimal binomials of A-degree b are the difference of monomials that belong to different connected components of G(b). Lemma 3.4 and a counting argument finishes the proof.
We remark that if b ∈ A is not a 1-Betti degree of R/I L , then there is no minimal binomial generator of A-degree b. It follows that ∆ gcd (b) has exactly one connected component. The nontrivial contributions to the formula of Theorem 3.5 come from the 1-Betti degrees of R/I L .
Indispensable syzygies
In this section we discuss the notion of indispensable complexes that first appeared in [10, Definition 3.9] . Intrinsically an indispensable complex of R/I is a based complex (F • , φ, B) that is "contained" in any based simple minimal free resolution of R/I.
The indispensable binomials of a lattice ideal I L are the binomials that appear in every minimal system of binomial generators of the ideal up to a constant multiple. They were first defined in [15] and their study was originally motivated from Algebraic Statistics; see [1, 14, 15, 24] for a series of related papers. Proof. This theorem was proved in [9] for toric ideals. The same proof applies to lattice ideals. Proof. Let f be an indispensable binomial of I L and b = deg A f . Since H 1 (∆ gcd (b)) = 1 there is a unique element f ′ in S of A-degree b. Since C b is a set with exactly two elements it follows that f ′ is a binomial. Since I L contains no monomials, it follows that f ′ = cf for some c ∈ k * .
It is clear that if (F • , φ, B) is a minimal free resolution of R/I L and f is an indispensable binomial, then there exists an element E ∈ B 1 and a c ∈ k * such that φ 1 (E) = cf . We let the indispensable 0-syzygies of R/I L to be the indispensable binomials of I L . We extend the definition for i ≥ 0:
is an indispensable complex of R/I if for each based minimal simple free resolution (G • , θ, C) of R/I where C 0 = {1}, there is an injective based homomorphism ω : (F • , φ, B) → (G • , θ, C) such that ω 0 = id R . If B = (B j ) and E ∈ B i+1 we say that φ i+1 (E) ∈ F i is an indispensable i-syzygy of R/I.
It follows immediately from the definition that an indispensable i-syzygy of R/I is simple. Moreover if (F • , φ, B) is an indispensable complex of R/I and (G • , θ, W) is a minimal simple free resolution of R/I then the based homomorphism of Definition 4.3 is unique, up to rearrangement of the bases elements of the same A-degree and constant factors. In [10, Theorem 5.2] we showed that if I L is a lattice ideal then the generalized algebraic Scarf complex is an indispensable complex.
The next theorem examines when the Koszul complex of a lattice ideal generated by an R-sequence of binomials is indispensable. Let I be an ideal generated by an R-sequence f 1 , . . . , f s and let (K • , φ) be the Koszul complex on the f i . We denote the basis element e j1 ∧ · · · ∧ e jt of K t by e J where J is the ordered set {j 1 , . . . , j t } and let sgn[j k , J] = (−1)
k+1 . For each j ∈ J we write J j for the set J \ {j}. The canonical system of bases B = (B 0 , . . . , B s ) consists of the following: B 0 = {1}, B 1 = {e i : i = 1, . . . , s} where φ 1 (e i ) = f i and B t = {e J : J = {j 1 , . . . , j t }, 1 ≤ j 1 < . . . < j t ≤ s} where
In [10, Example 3.7] it was shown that (K • , φ, B) is a simple minimal free resolution of R/I.
be the Koszul complex on the f i and let B be the canonical system of bases of K.
and (K • , φ) is A-homogeneous. The incomparability assumption on the degrees of the f i shows that each b i is minimal and that β 1,bi (R/I) = 1. It follows that f i is an indispensable binomial, see [9, Corollary 3.8] . We also note that for each i, C b i consists of exactly two monomials. Let (G • , θ, W) be a simple minimal resolution of R/I L where W = (W 0 , . . . , W s ) and W 0 = {1}. We let ω 0 = id R : K 0 −→G 0 . We prove that there is a based isomorphism ω : (K • , φ, B)−→ (G • , θ, W) which extends ω 0 by showing that if ω i : K i −→G i has been defined for i ≤ k then ω k+1 can be constructed with the desired properties. Thus we assume that for each basis element e J of B k there exists c J ∈ k * and
is a simple k-syzygy with respect to W k . This follows as in the proof of [9, Corollary 3.8] . We will define ω k+1 : K k+1 −→G k+1 by specifying its image in the basis elements e L of B k so that the following identity holds:
Since ω k φ k+1 (e L ) is a k-syzygy, it follows that
where
We will show that t = 1. First we notice that for some i
Without loss of generality we can assume that this is the case for i = 1 and we write H in place of H 1 . Moreover we can assume that
• L = {1, . . . , k + 1} and that
Let q L1 be the coefficient of H L1 in θ k+1 (H). We have that deg A (p 1 q L1 ) = b 1 . We will show that p 1 q L1 is a constant multiple of f 1 . For t ∈ L 1 we write L 1,t for the set L 1 \{t}. Since θ k θ k+1 (H) = 0 the coefficient of H L1,t in θ k θ k+1 (H) must be zero for any t ∈ L 1 . The contributions to this coefficient come from the differentiation of the term of θ k+1 (H) involving H L1 and all other terms of
Since f 1 , . . . , f s is a complete intersection it follows that
By the incomparability of the degrees of the f i it follows that t ′ = 1, and q L1 is a constant multiple of f 1 and thus p 1 ∈ k * . Moreover we have shown that for each t in L 1 there is a term in θ k+1 (H) involving H {1,...,t,...,k+1} . By a degree consideration it follows that the coefficient of this term has degree b t and thus repeating the above steps we can conclude that the coefficient of this term is a constant multiple of f t . It follows that
Since θ k+1 (H)) is simple it follows that
and θ k+1 (H)) = c ω k φ k+1 (e L ) where c ∈ k * . We let H L = H and c L = c −1 . It follows that the homomorphism ω k+1 : K k+1 −→G k+1 defined by setting
has the desired properties.
Next we consider strongly indispensable complexes. 
It follows that c
′ H ′′ − cH ∈ ker θ i+1 . If H ′′ = H + x a H ′ then H ′′ ∈ C i+1 and we get a direct contradiction to the minimality of (G • , θ, C). Generic lattice ideals are characterized by the condition that the binomials in a minimal generating set have full support, [19] . In this case the Scarf complex is a minimal free resolution of R/I L and each of the Betti degrees of R/I L satisfy the conditions of Theorem 4.6. We finish this section by giving the strongest result for the opposite direction of Theorem 4.6. Proof. One direction of this theorem follows directly from Theorem 4.6. For the other direction we assume that b is minimal whenever b is an i-Betti degree and that dim kHi (∆ gcd (b)) = 1 for all i. Let (G • , θ, D) be a minimal free resolution of R/I L . By assumption the A-degrees of the elements of D i are distinct and incomparable. It follows that the A-homogeneous isomorphism ω : F−→G that extends id R : F 0 −→G 0 is a based homomorphism.
